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Summary

Global surveys of genomes measure the usage of essential molecular parts —
defined here as protein families, superfamilies or folds — in different organisms.
Based on surveys of the first 20 completely sequenced genomes, we observe that
the occurrence of these parts follows a power-law distribution. That is, the number
of distinct parts (F) with a given genomic occurrence (V) decays as F = aV?, with a
few parts occurring many times and most occurring infrequently. For a given
organism, the distributions of families, superfamilies and folds are nearly identical,
and this is reflected in the size of the decay exponent b. Moreover, the exponent
varies between different organisms, with those of smaller genomes displaying a
steeper decay (i.e. larger b). Clearly, the power law indicates a preference to
duplicate genes that encode for molecular parts which are already common. Here,
we present a minimal, but biologically meaningful model that accurately describes
the observed power law. Although the model performs equally well for all three
protein classes, we focus on the occurrence of folds in preference to families and
superfamilies. This is because folds are comparatively insensitive to the effects of
point mutations that can cause a member protein to diverge beyond detectable
similarity. In the model, genomes evolve through two basic operations: (i)
duplication of existing genes and (ii) net flow of new genes. The flow term is closely
related to the exponent b and can accommodate considerable gene loss; however, it
reproduces the observed data best with a net inflow, i.e. with more gene gain than
loss. Moreover, we show that prokaryotes have much higher rates of gene

acquisition than eukaryotes, probably reflecting lateral transfer. A further natural



outcome from our model is an estimation of the fold composition of the initial
genome, which potentially relates to the common ancestor for modern organisms.
Supplementary material pertaining to this work is available from

www.partslist.org/powerlaw.
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Introduction

The power-law behaviour is frequently observed in different population distributions.
Also known as Zipf’s law, it was first widely recognised for word usage in text
documents '. By grouping words that occur in similar amounts, Zipf observed that a
small number of words such as “the” and “of ” are used many times, while most are
used infrequently. When the size of each group is plot against its usage, the distribution
follows a power-law function. That is, the number of words (F) with a given occurrence
(V) decays according to the equation F = aV?’ — a distribution that has a linear
appearance when plot on double-logarithmic axes. Mandelbrot * suggested that the
observation is connected with the hierarchical structure of natural languages and further
work by Zipf described the behaviour for the relative sizes of cities, income levels, and

the number of papers per scientist in a field '.

Subsequent to this, power laws have also been reported for the construction of large

networks. Examples include social interactions 3 the World Wide Web *°, metabolic
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pathways °, and the intermolecular interactions of different proteins '. Barabasi and
Albert * proposed that this results from self-organising development, in which new

vertices preferentially attach to sites that are already well connected.

Interestingly, the power-law behaviour is intrinsic to the usage of short nucleotide
sequences ° and the populations of gene families in genomes '“'". Here we report this
for the occurrence of protein superfamilies and folds also. However, despite these
observations in genomic biology, there have been few attempts to explain them. Using

analogies to text documents, Mantegna and co-workers ° implied that the behaviour



originated from similarities of DNA sequences with natural languages. We argue this to
be highly unlikely, and instead propose a simple, biologically reasonable model of
evolution. Furthermore, although the sequence of any individual genome provides only
a snapshot of evolutionary time, constructing such a model increases our understanding

of how it arrived at the current state.

Protein family, superfamily, and fold occurrence in genomes

Most proteins that are encoded in a genome can be grouped according to their similarity
in three-dimensional structure or amino acid sequence. Here we consider the fold,
superfamily and family taxonomies that provide a hierarchical classification of proteins
2. each class is a subset of the one before, and proteins are grouped with increasing
similarity between them. First, proteins are defined to have a common fold if their
secondary structural elements occupy the same spatial arrangement and have the same
topological connections. Next, proteins are grouped into the same superfamily if they
share the same fold, and are deemed to share a common evolutionary origin, for example
owing to a similar protein function. Both the fold and superfamily classes aim to group
proteins that are structurally related, but whose similarities cannot necessary be detected
only by their sequences. Finally, proteins are grouped into the same family if their
amino acid sequences are considered to be similar, most commonly by their percentage
sequence identities or using an E-value cut-off. Alternatively they can also be
characterised by the presence of a particular sequence “signatures” or “motifs”. In this
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study we have used the fold and superfamily classifications from SCOP '* and the

family classifications from InterPro '*'*; the three will be collectively termed as

molecular “parts”.



One way to represent the contents of a genome is to count the number of times that each
part occurs and then group together those with similar occurrences (Figure la). In
ranking parts by their occurrence, it is clear that for all organisms most occur just once,
some occur several times and a few are found many times '®'>'7. For example, the 229
folds assigned in the E. coli genome have an average occurrence of seven: 72 (31.4%)
folds are found just once, 45 (19.7%) are found twice, and only 10 (4.4%) occur more
than 30 times. The most common, the TIM-barrel fold, occurs 93 times in the genome.
Similar observations can be made for families: 303 (23.6%) occur once, 222 (17.3%)
occur twice and the most common, the AAA-ATPase proteins, occurs 86 times.
Previous studies have shown these distributions to be an actual feature of genomes,

rather than a result of bias in the contents of classification databases '°.

Significantly, this relationship is described by a power-law, in which the number of
parts (F) with a certain genomic occurrence (V) decays with the equation £ = aV?’. The
distribution has a linear appearance when plot on a log-log graph, where —b defines the
slope. The power-law function that produces the smallest residual has the best fit with
the genomic data (Figure 1b). Figure 2 shows the distributions of families, superfamilies
and folds for E. coli and S. cerevisiae, and plots for the 18 other organisms are available
in the supplementary website. We note that the overall distributions of all three
classifications are very similar within each genome, and share near-identical gradients.
In general, the smaller the genome, the steeper the gradient: the two eukaryotes have
shallow gradients (b = 0.9-1.2) while the prokaryotes with smaller genomes have steep

gradients (b = 1.2-1.8).



An evolutionary model

Given a mathematical description that is common to all organisms, we can simulate the
observed distributions. Our model is based on an evolutionary process in which
genomes start from a small size with a limited number of genes and grow to their current
states by gaining new ones. The main sources for new genes are from duplication of
existing ones, and introduction of completely novel genes via lateral transfer from other

organisms or ab initio creation.

Although our model would apply equally well for any of the three protein classifications
(families, superfamilies and folds), we have decided to define the relationships between
different genes by their folds. This is mainly because of how proteins are grouped into
families or superfamilies. With families, as proteins accumulate mutations over time,
they can diverge too much for their common origin to be detected by sequence
comparison. Thus individual proteins give the impression of “breaking away” to form a
new group during the course of evolution. Superfamily classifications, particularly those
in SCOP, try to address this issue by grouping together all proteins that have diverged
from a common ancestor, even if they have diverged beyond detectable sequence
similarity. These more distant groupings usually depend on proteins sharing distinct
structural features, for example, the same active site location in the fold. However, much
of the classification is subjective and does not involve the application of uniform
thresholds. In contrast, folds do not suffer from these drawbacks. Genes can accumulate
significant changes to their sequences without affecting their fold classification .

Furthermore, although there is the danger that two proteins have adopted similar



structures through convergent evolution, membership to a fold class can be determined
objectively by applying clear thresholds to structural comparison algorithms 20-22
Therefore we focus on folds as a taxonomy that groups the most divergent collection of
genes that we consider to have evolved from a common ancestor. In practise though,

given the similarity in the genomic distributions of families, superfamilies and folds, the

choice of classification will not greatly affect the simulations.

Consider a genome that originally comprises N, folds, with only one copy of each, i.e.
the number of genes equals the number of folds. The genome grows by a step-wise
duplication event, randomly selecting a gene. The probability of fold duplication is
proportional to its current occurrence in the genome; so all folds initially have equal
probabilities for duplication, 1/N,. After the first time-step, the duplicated fold occurs
twice and has a new probability for duplication 2/(Ny+1), while the remaining folds have
a decreased probability 1/(Ny+1). At each time-step, we also consider the introduction of
new folds and the deletion of existing ones. The rate of fold flow, » (= fold acquisition —
fold deletion), is measured as the ratio with respect to duplication events. Here we
consider the average rate over the entire course of evolution and the parameter remains
constant throughout the simulation. We assume that multiple copies of a given fold arise
only through duplication. Thus, the behaviour of this simple model is governed by three
parameters: the initial size of the genome (), the number of duplication events or
generations (f), and the rate (7) of fold flow per generation. A schematic of the model is

shown in Figure 1c.



In effect, the model follows the development of a single genome from the root of the
phylogenetic tree to the branch that defines the organism (Figure 1d). Therefore,
although the simulation may appear to treat each genome independently, we can imagine
that the evolution of different organisms relate by their divergence from a common

ancestor.

Gene loss is also a major factor during evolution and we could easily include this as an
explicit parameter in our model. However we are reluctant to do so, because introducing
another free parameter would seriously compromise our comparisons of the model
against the observed genomic data. Instead gene loss is incorporated within » and ¢. If a
fold only occurs once, then a deletion would remove it from the genome, thus giving a
smaller 7. Here, positive values of r signify a net inflow of folds and negative values
indicate an overall loss. Alternatively, if a fold has multiple copies, deleting a gene
would simply reduce its occurrence, which effectively amounts to stepping back in the

simulation or “unduplicating” the gene.
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The behaviour of the model

Different parameter values result in distinct distributions. It is important to remember
that these values correspond to averages for the whole evolutionary process and are
fixed for each simulation. (i) When » < 0, the distribution never approaches a power
law even after a large number of generations (). This eliminates the possibility of a
negative r as the actual genomic data follows the power law. Furthermore, such a
process would leave the genome without any folds that have single occurrences. Thus
henceforth, we will refer to fold flow as fold acquisition. (ii) For a fixed » > 0 and Ny,
the distribution is exponential for small numbers of generations (¢), but converts to a
power law for large values of ¢ (Figure 3a). (iii) Provided that » and ¢ meet the
requirements, a power-law distribution can be obtained for any initial genome size, Ny >
0. (iv) Once the simulation reaches the power-law phase, the gradient (b) of the
distribution stays constant with continued increments in ¢. Therefore the slope is mostly

attributed to the size of r.

The main observations are summarised in the phase diagram of Figure 3b, which plots
the transition between the two distributions types for different » and ¢. While the
conversion is gradual, distributions are exponential below the transition boundary and
power law above. We note that the threshold 7-value required for the power-law phase is
inversely correlated to 7, so smaller numbers of generations are required for higher rates
of fold acquisition. We also highlight the rightward shift of the transition line for
increased Ny, so for a given rate r, larger initial genomes require more generations to
reach a power law. In summary, we show that the dominant trend during the initial stage

of evolution is towards an increase in the number of genes rather than a decrease and
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that gene deletion is not a major effect. In addition, we find that exponential
distributions result from a “sampling” process in which the existing folds are duplicated,
but the power-law distribution derives from a sufficiently long “evolutionary” process in

which folds are also periodically acquired.

Estimation of parameters

Having described the general features of the model, we now simulate the actual
distributions that are observed in different genomes. The three parameters we just
discussed are all related to the evolutionary history of an organism and appear
unattainable. However, we can obtain estimates by looking at the current states of each

genome, which provide “snapshots” of the evolutionary process.

The total number of folds (V) in the genome at the end of a simulation is the sum of
the initial number of folds (V) and the number of new folds (r¢) acquired during the

course of evolution, N, =N, +rt (eq. 1). Next the total number of genes in the final

genome (Ngenes) 1s the sum of the initial number of genes (Ny), the number of new folds

acquired (r7) and the number of duplicated genes (¢), N, =N, +rt +t (eq. 2). Finally,

enes

Ngoee and N, can be linked by the average level of fold duplication, i.e. the average

genes

fold occurrence (C) in the genome,

Ngenes :No +rtt+t :N/"alds +i
N N,+rt N

folds

C=

(eq- 3)

folds
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By rearrangement, we obtain the number of duplication events ¢t = (C-1)Np,4s and the

relationship between N, and 7,

N, . —N
= Sfolds 0 (eq. 4)
(C - 1)N folds

For each genome, we obtain C by dividing the number of genes that have structural

assignments with the number of folds that have been assigned (C = N&¢"! / N_‘;gj;f”“’,

genes
eq. 5). We then estimate the total number of folds in the genome — including those yet to

be assigned — by dividing the total number of genes with C, i.e. N, =N, /C.In

genes
calculating this value, we assume that the distribution of folds among the structurally
assigned genes is equal for unassigned genes — i.e. that they too follow a power law —
and we apply the same value of C across the whole genome. By doing this, we suggest
that most of the folds encoded by these remaining genes occur very few times, with a
small possibility that some may occur many times. This is a realistic assumption, as in
fact, homology studies of the unassigned genes indicate that a significant fraction has
no, or very few related genes within the genome >*. Wolf ez al. ** have previously used a

more complex method to obtain N, , in which they counted the number of protein

families in a genome, and then extrapolated this number to estimate the population of

folds. Despite the differences in procedures, the estimates for N

s are similar to ours.

Finally, having obtained values for C and Np,4, only Ny in eq. 4 needs to be adjusted for

an optimal fit between the model and actual data.

The model versus the genomes
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In Figure 4, we present the results of our simulations compared to the distributions of
four representative genomes, including the smallest M. genitalium and largest C. elegans
in the dataset. (Plots for the remaining 16 organisms are available from the
supplementary website.) Here the genomic data do not give smooth lines because they
comprise single population samples rather than averages. Nevertheless, we highlight the
remarkable resemblance between the modelled and observed distributions, including the
varying gradients for different organisms. The fits are particularly good for low fold
occurrences; our predictions for the numbers of folds with fewer than five copies fall
within 5% of the actual data. The plots for A. fulgidus, M. tuberculosis and M.
genitalium (Figures 4b-d) closely follow the power law throughout. However the
distribution for C. elegans diverges from a straight line for fold occurrences above 10

(Figure 4a), an observation we also make for S. cerevisiae.

Discussion

The parameter values we used for the 20 organisms are summarised in Table 1. The
average occurrence of folds (C) ranges 2.4-31.6 and indicates that there is a higher level
of duplication in larger genomes. This a simple reflection of the observation that higher
organisms have more paralogous genes that provide a fuller spectrum of related, but

modified protein functions.

The number of folds (Njus) spans 200-613 and though the trend is less marked, also
increases with genome size. Our figures are in broad agreement with the predictions
provided of Wolf et al. ** and we note that none of the genomes exceed the estimates for

the universal population of folds . Previous work have extensively analysed the
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degree to which the most common folds are conserved across different genomes
10111527 “These studies found that many of the largest folds and families are conserved
across closely related genomes, although their precise occurrences differ. Clearly, this
stems from both the evolutionary relationship, and functional requirements that such
organisms share. For example in M. genitalium and M. pneumoniae, the ferrodoxin-like
fold dominates. In the eukaryotic S. cerevisiae and C. elegans, the protein-kinase and a-
a superhelix folds are common. Although our current model only simulates the
development of individual genomes, each simulation follows the evolution of a single
genome from the root to of the phylogenetic tree to the branch (Figure 1d). If we believe
that organisms originate from a common ancestor, then separate genomes would have
undergone the same evolutionary process before diverging. Therefore, the protein
families that grew during this stage of evolution would be large for all organisms
concerned, whereas families that grew after divergence would only be prominent in a
few genomes. Without this common ancestry we would not observe the same level of

conservation of the largest fold families in different genomes.

Of greatest interest are ¢, 7, and the free parameter Ny. First considering ¢, ranging 280-
13727, we find that larger genomes have experienced more duplication events than
smaller ones and reflect the variations in fold occurrences. Whereas the real time
between successive generations may differ between organisms, it leads to the logical
conclusion that complex genomes such as C. elegans experienced much longer
development times before becoming full organisms, than simpler genomes such as E.

coli.
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Next we turn to the rate of fold acquisition; here we consider the reciprocal of », which
gives the number of duplication events that must occur for each acquisition. Here we
emphasise that this parameter gives the average rate of fold acquisition for the entire
course of the simulation, and rates at particular time-points most likely vary during
evolution. Like #, there is a wide spread of values, from 1.6 to 83.3 and fold acquisitions
are more frequent in smaller genomes. New folds are mainly introduced from two
sources: the intra-genomic creation of a new fold and lateral transfer of existing folds
from other organisms. Although the model does not distinguish between the two, given
the high rates, we expect the latter to account for most acquisition events. This is further
supported by the view that lateral transfer is more prevalent in prokaryotes than

28-
eukaryotes >

, and we observe that the rate of fold acquisition is lowest in S. cerevisiae
and C. elegans. Using the model, we calculate that about 30% of the E. coli genes are
descended from acquisitions; this provides a crude estimate for the maximum number of

genes introduced through lateral transfer, and compares to the 18% of genes that have

been introduced since the organism’s divergence from the Salmonella lineage **.

Finally we look at A,, which ranges 20-280, and like the other parameters has a
tendency to increase with genome size. In this study we have assumed that there is only
one of each type of fold in the starting genome. Although we might expect some folds to
be present in several copies, further extensions to the model indicate that the initial
distribution does not greatly affect the final power-law distribution **. In addition, even
if there were multiple copies of some folds, given their small starting sizes of the

genomes, the difference between the most and least common folds would be very small
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— i.e. some folds occurring three or four times at most. Therefore, the starting state we

use is a good approximation.

Although N is a free parameter, its value is effectively fixed by the current appearance
of each genome. So as a natural outcome of our model, it is worth discussing the
evolutionary implications. However, as the origin of modern organisms remains a
fiercely debated subject, we must treat this matter with care. For the sake of argument,
suppose that N, corresponds to the size of the genome that emerged out of the
progenotic entities *. Then, if all organisms originated from a common ancestor, the
variation in N, requires consideration. So far, we have included gene loss as a factor
during the expansive stage of evolution. However, it is also a major effect after the
genome has reached its maximum size. Commonly termed reductive evolution, this is
almost certainly responsible for the subsequent contraction of many bacterial genomes.
A detailed investigation into H. influenzae and E. coli showed that their last common
ancestor is likely to have been at least as large as the latter *°. Similar studies of other
obligate parasites Mycoplasma, Mycobacterium, Rickettsia, Chlamydia and Buchnera
indicate that the effect has been equally acute in these genomes °'>°. So given the
reduced genomes, we inevitably underestimate their initial sizes. On the other hand,
there is so far little evidence that E. coli, S. cerevisiae and C. elegans have undergone
such radical changes and their current genomes could be near their maximum sizes.
Therefore as our simulation more accurately models the evolution of these organisms,
their N values suggest that the universal ancestral genome contained 170-280 folds and
by default, genes. In a plot against Ng..;, Ny appears to converge to about 300

(supplementary material), thus setting a ceiling for the initial genome sizes of organisms
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that are larger than C. elegans. We also note that these numbers are similar to the size of
the minimal gene set predicted by Mushegian and Koonin *. Simulations for the most
recently sequenced D. melanogaster, A. thaliana, and H. sapiens are work in progress,

and their Ny values will be of great interest.

We examined two further models for evolution after the organisms reached their
maximum sizes. Both of these involve a larger amount of gene loss than the expansive
model we focussed on above. For reductive evolution, we started with a simulated
genome resembling E. coli, and randomly removed genes until it was the size of the
smaller bacteria. For steady-state evolution where genomes maintain the maximum
sizes, random gene duplications and losses were made at the same rate. In both cases,

the power-law distributions remain intact.

The last main point for discussion is whether the probability of fold duplication should
depend only on its current occurrence. Clearly, there are further factors that could
contribute. For instance, some genes are located where genomes recombine more rapidly
1 and folds with high occurrence tend to have more symmetric structures, as seen in
lattice models **. Above all, selective pressure in the duplication and deletion of
particular genes is perhaps the most dominant factor. However, tests of different
“usefulness” functions that modify the probabilities of fold duplication had little effect
on the outcome of the simulation. This is reinforced by the observation that folds with
high occurrences in yeast are not necessarily associated with many functions ***. For
example, the highest-ranking fold, the 7-bladed B-propeller occurs 140 times, but is so

far only linked with two distinct functions. Therefore in conclusion, selective pressure is
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probably the single most important factor in determining the fate of individual genes,
and our results clearly do not apply to the exact occurrence of an individual fold.
Nevertheless, we demonstrate that the power-law distributions seen at a genomic scale —
across many different organisms — result from an underlying stochastic process of

evolution involving random duplications and an overall acquisition of folds.

Conclusion

In conclusion, this paper has demonstrated that the occurrence of protein folds,
superfamilies, and families in genomes follow a power-law distribution. At first glance
this may appear to be nothing more than a mathematical curiosity. However, the
behaviour summarises an important feature in biology that a few members often dictate
the overall appearance of a population — in this case, that most genes in a genome
encode one a few fold types. By designing a minimal, but biologically realistic model,
we showed that such a distribution stems from how these organisms evolved.
Furthermore, it allows us to estimate the rate at which different genomes have acquired
new folds, and speculate on the size of the universal common ancestor. As the current
state of the genomes provides only a snapshot in evolutionary time, these values are
hard to obtain by other methods. In limiting the complexity of the model, we have
identified the essential components of evolution that produce the power-law behaviour:
gene duplication and flow. We anticipate future studies to incorporate further parameters
for factors such as gene deletion and selective pressure to build a more biologically
exact model. However, initial analyses suggest that such factors are most important at

the level of individual proteins, families or folds, rather than at a genomic level.
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Supplementary material is available from http://www.partslist.org/powerlaw.
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Table Legend

Table 1. Parameter values that are used for the 20 organisms, listed from the smallest

genome to the largest.

Figure Legend

Figure 1. Representations of the occurrence of protein folds in complete genomes and a
schematic diagram of the evolutionary model. The main computational method for
making family, superfamily or fold assignments to the protein products of genomes
(proteomes) is to detect sequence homologies between the genes and proteins whose
sequence or structures have been classified. Superfamily and fold matches were made
using PSI-BLAST 4 against the SCOP database * and assignments are available for
17.6-34.6% of the gene sequences in the 20 genomes under consideration. These are
available from http.//www.partslist.org. Family assignments were obtained from the

1314 (a) The structural contents of

InterPro database from http.//www.ebi.ac.uk/interpro
a genome can be represented by counting the number of times different protein folds
occur and then grouping together those with similar occurrences. (b) This relationship is
described by a power-law, in which the number of folds (F) with a certain genomic
occurrence (V) decays with equation F = al’. The vertical axis gives the number of
folds, normalised by the total number of fold types in the genome, against the
occurrence of each fold. We show the data for E. coli (®), and the fitted power-law
function (_). (c) The observed distribution can be simulated by a model in which
genomes grow from an initial small sizes to their current states by duplicating existing

genes and acquiring new ones by lateral transfer or ab initio design. (d) The model

effectively simulates the evolution of individual genomes from the root of the
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phylogenetic tree to the branch representing the organism (= ). (1) The model starts
with an initial genome. (2) During evolution genomes diverge into different organisms
by starting their own course of evolution. (3) Simulations end when the current size of
the genome is achieved. (4) Genomes retain the same set of genes that were present at
the point of divergence. Therefore, genomes that diverged more recently retain a more

similar set of genes.

Figure 2. The occurrence of InterPro families (<>), SCOP superfamilies (X) and folds
(m) in (a) E. coli and (b) S. cerevisiae. The distributions for the three gene classifications

are similar and follow power-law behaviour ( =),

Figure 3. (a) Average distributions obtained after 500 simulations. For small ¢, the
distribution is exponential: Ny = 100, r = 0.6, 1 = 100 (<), for large ¢, the distribution is
power-law: Ny =100, r = 0.6, ¢t = 30,000 (®). The solid lines are the fitted exponential (y
= ae™) and power-law (y = ax™) functions. (b) Phase diagram depicting the transition
between exponential and power-law distributions for different r, ¢t and Ny. We do not
show distributions for negative values of » and ¢ because they are biologically
implausible. The nature of the simulated distributions is determined from the residuals
of optimally fitted functions, i.e. if the residual for the exponential function is smaller
than the residual for the power-law function, the distribution is considered exponential
and vice versa. The transition boundaries follow the parameter values for which the
residuals are equal for both functions. While the conversion between the two phases is

gradual, simulated distributions are exponential below the transition line and power-law
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above. The threshold ¢ required for a power-law is inversely correlated with 7, and there

is a rightward shift in the transition boundary for larger initial genome sizes (Ny).

Figure 4. The actual and simulated distributions for (a) C. elegans, (b) A. fulgidus, (c)
M. tuberculosis and (d) M. genitalium. In each, the actual fold occurrences are
represented by points (@) and the average distributions for 500 simulations are depicted

by solid lines (s ).



